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Response of Air Cushion Vehicles to Random Seaways
and the Inherent Distortion in Scale Models

D. R. Lavis* and R. J. Bartholomew!
Aerojet-General Corporation, Tacoma, Wash.

and
J. C. Jones!

Aerojet-General Corporation, Sacramento, Calif.

The heave, pitch, and roll equations of motion for an Air Cushion Vehicle are derived. The dy-
namic response to a random seaway is predicted from the linearized perturbation equations and
compared with experimental tests of a subscale dynamically similar model operating in a towing
tank. Frequency domain seakeeping analysis to determine acceleration response, frequency of bow
slamming, structural loads, and relative motion between two craft is demonstrated. Because the at-
mosphere is not scaled during subscale model tests, an appreciable dynamic distortion is reflected in
lift system physical parameters. This scaling problem is discussed and avenues of further subscale
model experimental research are suggested.
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Nomenclature

: cushion volume
: cushion area
= cushion periphery
= cushion length
= distance from e.g. to bow
= distance from e.g. to stern
= fixed area airflow discharge coefficient
= heave dependent leakage area airflow discharge coefficient
= adiabatic stiffness (PB + PA )T / VB
= fan conductance
= fan characteristic slope (d Qr/dpB)
- heave dependent leakage parameter G = Cos
= atmospheric air density
= atmospheric pressure
= ratio of specific heats for air
= ratio of distance from e.g. to bow to total length
= uniform distribution part of mass of craft per unit length
= discrete weights at longitudinal station Xj ; lateral station

ys, or at (Xj, ys), respectively
= total mass of craft
= mass of suddenly removed weight for step input excitation
= longitudinal distance of Mf from e.g.
= lateral distance of Mf from e.g.
= pitch moment-of- inertia of craft

roll moment-of-inertia of craft
heave damping derivable from measured pitch damping =

3cfe/L2(l - 3m + 3m2)
pitch damping = 2fo (Ie Ke)1/2

roll damping = 2& (IvK*)*'2
pitch damping ratio, measured from tests
roll damping ratio, measured from tests
pitch spring rate = Koo[(L3/3) (1 - 3m + 3m2], measured

from tests
roll spring rate = KVD B3/12, measured from tests
distributed pitch spring rate
distributed roll spring rate
wave amplitude power spectral density
absolute wave frequency
encounter frequency
wave amplitude, zero to peak
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[A] = mass matrix
[B] = damping matrix
[C] = stiffness matrix
z = linearized heave displacement
B = linearized pitch displacement
<p = linearized roll displacement
mB = linearized cushion mass
PB = linearized cushion pressure
(•) = first derivative with respect to time, velocity
(••) = second derivative with respect to time, acceleration
U = craft velocity
Um = model velocity
g — gravitational constant = 32.2 ft/sec2

i =(-l)1/2, index
j,r,s = indices
Z = heave in nonlinear equations of motion
PB - cushion pressure in nonlinear equations of motion
0 = pitch in nonlinear equations of motion
<£ = roll in nonlinear equations of motion
MB = cushion mass in nonlinear equations of motion; bending

moment
PB = cushion density
V0 = cushion unloaded volume
QF = fan flow rate
QLO - fixed area leakage airflow rate
ALO - fixed leakage area
QLS = heave dependent leakage airflow rate
£ = longitudinal coordinate dummy variable
77 = transverse coordinate dummy variable; wave amplitude
V(x) = longitudinal shear force distribution
MB(X) = longitudinal bending moment distribution
T(x) = longitudinal torsion moment distribution
V(y) ~ transverse shear distribution
MB (y) - transverse bending moment distribution
PSJO = joint probability of impact at a given relative velocity of

bow
FSBt = frequency of occurrence of slamming of bow at given rela-

tive velocity
hci = height of bow above level water surface at normal operat-

ing condition
Vst = given slam relative velocity
ffi = rms amplitude of bow motion relative to water surface
at' = rms vertical velocity to bow relative to water surface
S0 (t) = unit step function at t = 0

Introduction

THE vertical acceleration response (which strongly in-
fluences ride comfort and structural loads) has been pre-
dicted theoretically by mathematical models for a large
ACV and measured experimentally during tests of a sub-
scale dynamically similar model operating in a towing
tank. This paper is concerned principally with the aspect
of utilizing subscale models to predict the dynamics of
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Fig. 1 Description of wave and craft geometry.

full-scale craft. Theoretical and experimental results are
compared and use of frequency domain seakeeping analy-
sis is demonstrated. It has been found that because the
atmosphere is not scaled during subscale model test, there
exists an appreciable distortion in vertical plane dynamic
response to the extent that, under certain conditions, the
subscale model underpredicts the acceleration environ-
ment of the full-scale craft. The particular parameters af-
fecting this "distortion" are discussed in terms of a simple
linear heave/cushion flow mathematical model in the fre-
quency domain. The characteristic equation for this
model is a cubic polynominal equation in the Laplace op-
erator. The effects of varying certain physical parameters
are discussed in terms of the roots of this polynominal
equation to determine the damping and natural frequency
of the quadratic factor. The cabin acceleration response of
a full-scale craft, including pitch effects, is also predicted
considering the same changes in physical parameters.
Suggested avenues of further experimental research
employing subscale models are given, in which the distor-
tion effects of the unsealed atmosphere are minimized or
corrected.

Approach to Simulation

Method and Assumptions

The mathematical model of the dynamic behavior of an
ACV in the pitch, heave, roll, and cushion flow degrees of
freedom is derived from mechanics in accordance with the
coordinate system of Fig. 1. The surge motion is neglect-
ed, and pitch and roll angles and angular velocities are
considered small. For motion over waves, the assumption
of a long crested waveform is made, and the craft heading
is described by the angle x as shown in Fig. 1. The wave
amplitude (zero to peak from mean sea level) rj0 is also
shown. It is also assumed that the wave system is not af-
fected by the presence of the craft.

The nonlinear equations of motion are derived in the
Appendix. These equations are then linearized by a linear
perturbation technique. For wave induced excitations, the
equations are transformed into the frequency domain via
the Fourier transform, and the solutions are obtained in
the form of transfer functions of the ratio of each variable
to wave amplitude. For statistical excitations, the Re-
sponse Amplitude Operators (RAO's) for all three motion
variables and auxiliary acceleration variables are obtained
from the squares of the amplitude ratios of the transfer
functions. Other parameters such as seakeeping loads
(longitudinal and transverse bending moment and torsion

moment) are obtained as functions of the basic heave,
pitch, roll, and cushion pressure transfer functions.

Homogeneous Equations

In matrix form, the linear, homogeneous, coupled,
heave-pitch-roll-cushion mass flow, equations of motion
are

[A]

m

+ [B]
<P
mB

[C]
<P
mB

= 0 (1)

The inertia matrix [A] is of the form

[A] =

Mc

0
0
0

0 0
Ie 0
0 /,
0 0

(2)

The damping matrix [B] is of the form

-dz(m -0.5)L
0
0

-^(ra-0.5)L 0 0'
de 0 0
0 d9 0
0 0 1

(3)

The stiffness matrix [C] is of the form

K6DL - (K8DL + CBAB
2)(m - 0.5)L 0

-(K6DL +C B A B
2 ) (m-0 .5 L) Kd + CBAB

2(m - 0.5)2L2 0 --

G) Ri + G ) ( m - 0 . 5 ) L

Kv

0

CBAB

PA

^-B(m-0.5.)L

0
~CBR<

(4)

From matrices (2-4) it is seen that roll is completely
uncoupled from the other variables. This happens because
the e.g. is taken to be always along a longitudinal line bi-
secting the cushion. For the special case where the ratio m
of longitudinal distance from e.g. to bow fc to total cush-
ion length L is 0.5, the heave and pitch equations are also
uncoupled. In addition to Eq. (1), we have the cushion
pressure perturbation PB given by

PB = (CB/PA) mB + CBABz - CBAB(m - 0.5)L0 (5)

Forcing Functions

Time Domain

For simulation in the time domain, the forcing func-
tions considered were restricted to suddenly applied dis-
turbance forces and moments. During actual model tests,
these forces and moments were applied by suddenly re-
moving a weight from the craft. This approximates a step
function loading applied to the model in the heave, pitch,
and roll degrees of freedom. The vector of applied heave
force, pitch moment, and roll moment applied to the
right-hand side of Eq. (1) is of the following form:

{ F,} = MfgS0(t)

-1
xt

(6)

Frequency Domain

A complex waveform may be characterized by the fol-
lowing form for wave amplitude
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where the wave surface frequency components are
kx = (u2/g) cos x, ky = (u2/g) sinx (8)

and the wave encounter frequency coe is a function of wave
frequency co and craft speed (U) as follows:

(1 -a)u>, ot < I
a = (Uw/g) cosx (9)

In the derivation of the nonlinear equations of motion
given in the Appendix, the displacement of the wave
comes into the equations of motion through the heave,
cushion flow, and cushion volume equation, because the
displacement relative to the wave surface is required in
those equations. The integration of the wave of Eq. (7)
under the craft, and the moments of this wave to cause
pitch and roll give the following forcing function vector:

(10)

Assuming sinusoidal solutions of frequency ue of Eq. (1)
with forcing functions Eq. (10) ratioed to wave amplitude
Eq. (7) gives per unit wave amplitude

[C]

D,

with
£>! = KeD/B + CBAB /j

D2 = (KeD/B) 72 + CBAB(m - 0. 5)L

Ds=- (KvD/L) 73

i + G/AB)/i

(11)

(12)

(13)

(14)

(15)

Frequency Domain Solutions

Solutions of Eq. (11) as a function of encounter frequen-
cy coe give the transfer functions in heave z/rj0, pitch 6/ri0,
roll (p/ri0, and cushion mass rriB/rj0. Auxiliary equation (5)
may then be solved to give the cushion pressure perturba-
tion transfer function PB/T?O. The Response Amplitude
Operators (RAO's) are the squares of the amplitudes of
the abovementioned transfer functions. Acceleration
RAO's are obtained by multiplying the heave, pitch, and
roll RAO's by coe

4. From an appropriate geometric matrix
multiplication of the heave, pitch, and roll transfer func-
tions, and squaring the result, gives the vertical motion
(RAO's) at selected points on the craft. Multiplication of
these RAO's by co^4 gives the vertical acceleration RAO's
for the selected points.

Parameters Determined Experimentally

A basic assumption used in deriving the equations of
motion is that cushion pitch and roll stiffness characteris-
tics are distributed over the cushion in a manner analo-
gous to that of a bedspring with a large number of identi-
cal coils. These characteristics are represented by the pa-
rameters KSD for pitch longitudinally distributed stiffness
and K<po for roll laterally distributed stiffness. This as-
sumption allows the use of average cushion characteris-
tics, but necessitates the utilization of empirical stiffness
and damping information for the pitch and roll degrees-
of-freedom.

Values of pitch and roll stiffness are established by de-
termining the slope of a moment vs displacement plot de-
rived analytically or from subscale model tests. The
damping terms in pitch ft and f were determined
by monitoring the decay in pitch and roll oscillatory re-
sponse due to a step displacement perturbation applied to
a subscale model. This assumes that pitch and roll re-
sponse can be characterized by simple linear second-order
systems.

Theoretical and Experimental Correlation

It was recognized during the development of the linear-
ized seakeeping simulation that because an attempt was
being made to linearize the characteristics of a fairly non-
linear system, a comparison between theoretically and ex-
perimentally derived craft motion was necessary before
proceeding to a useful application of the analysis tech-
nique. Consequently, a fairly extensive model test pro-
gram was conducted in which craft motions were accu-
rately measured under controlled environmental condi-
tions. These tests and the comparison of experimental and
theoretical results are now discussed under the headings of
"Time Domain Correlation" and "Frequency Domain Cor-
relation," respectively.

Time Domain Correlation

Dynamic tests of a subscale model have been conducted
at the Aerojet Sacramento Facility during which step
functions in heave force, pitch moment, and roll moment
were applied to a model (of 6 ft cushion length) while on-
cushion at zero forward speed over a smooth and level
hard surface. The resulting dynamic response in pitch,
heave, and roll were recorded to provide the bases for the
experimental evaluation of motion damping and damped
natural frequency. Concurrently, a digital computer pro-
gram was developed in which the linearized heave, pitch,
roll, and cushion flow equations of the ACV digital sea-
keeping simulation were mechanized for solution in the
time domain. The model and model test conditions were
then simulated and the resulting time response was com-
puted and compared with experimental results as shown
in Fig. 2. As may be seen, the correlation between the as-
sumed linear mathematical model and experiment was
reasonably well established, with both frequency and
damping sufficiently well simulated by a linear mathe-
matical model. The heave transient was found to correlate
least. The pitch was quite well represented by a linear
second-order differential equation. The roll test data
shows a departure from linearity near the end of the tran-
sient.

The major conclusion drawn from this comparison was
that, utilizing experimental values of stiffness and damp-
ing, some modes of motion, i.e., pitch and, to some ex-
tent, roll, can be adequately represented by linear second-
order differential equations.

Frequency Domain Correlation

The frequency domain simulation of air cushion vehicle
dynamic behavior in a seaway is a powerful design and
development tool. Because simulation results are based on
statistical principles and mean response is predicted rath-
er than lengthy time histories, the economical analysis of
large number of operating conditions and configurations is
possible. This feature is extremely important, since most
air cushion vehicle operation occurs over terrain and in
seas of random unevenness. Characterizing the dynamic
response of a vehicle over such surfaces in the time do-
main would require a great deal of computational time for
each condition in order to provide adequate statistical
confidence in the results. Balanced against this advan-
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tage, however, is the fact that the form of simulation is
limited to having linear mathematical relationships and
that nonlinear characteristics occurring in large excursion
motions, such as the closing off of skirt air gaps, cannot be
properly taken into account. This is why verification of
the analytical technique is sought through correlation
with model tests.

Two bases for frequency domain correlation are used.
The first is discussed in terms of the difference between
experimental and theoretical response amplitude opera-
tors (RAO's), and the second in terms of a comparison of
rms response. RAO's characterize craft behavior normal-
ized to the excitation environment and are defined as the
ratio of the square of the peak-to-peak response to the
wave height squared, as a function of encounter frequency.
They are determined experimentally by taking analog re-
sponse data, digitizing it, and transforming it from the
time domain to the frequency domain. The same process
is followed with data for the seaway. The output squared
is divided by the input to obtain RAO's. For a given set of
operating conditions (e.g., airflow rate and model forward
speed, etc.) the RAO's are ideally invariant with seaway
spectra. This is illustrated in Fig. 3 which depicts the
heave RAO's for several runs having the same significant
wave height for a model ACV tested at a linear towing
tank. Comparisons are made in model scale dimensions
because the craft does not conform to Froude scaling laws.

0.50

HEAVE R.A.O.

Z2 0.10

0.05

RUN NO.

99i]00_
1 1 0 , 1 1 1 5

)
5 FT MODEL
EXPERIMENTAL
DATA
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ENCOUNTER FREQUENCY Ue RAD/SEC

Fig. 3 Comparison of theoretical and experimental subscale
nodel heave RAO in the encounter frequency domain. Model

speed Um, 15 fps, #1/3 = 0.09 ft.

Scaling-up results could lead to misinterpretation of full-
scale craft behavior as discussed later.

Two differences between the measured and predicted
RAO's are common to all of the run conditions studied.
One is that the predicted secondary peaks for the heave
RAO's appear at slightly higher frequencies than those for
the experimental RAO's. This is probably due to the
choice of values used for the cushion dynamic parameters.
The best available information was used in analyzing the
lift system characteristics, and lift system parameters
were not arbitrarily altered in order to fit the data.

The other major difference between measured and pre-
dicted RAO's is that the data does not indicate the sharp
drop off in response at specific frequencies as are pro-
duced by the mathematical model. These decreases result
because, theoretically, certain wavelengths produce no ex-
citation force, and hence no response. The data does indi-
cate local minima but the "valleys" are not as deep. This
is to be expected since the experimental response output
includes extraneous information ("noise") as well as the
real response. Also, response from forces other than those
produced by wave pumping and cushion air flow leakage
variation (e.g., seal contact forces), will be present in the
data output.

In general, the occasional large differences apparent at
specific frequencies in these studies do not have a corre-
sponding impact on over-all rms response, as will be shown
below.

Results of a comparison of rms response vs craft speed
for tests of a 6 ft model ACV at the Stevens Institute of
Technology Laboratory are shown in Fig. 4. The crosses
show the rms acceleration predicted by applying the mea-
sured tank wave spectrum (shown later in Fig. 7) to the
simulation while the circles depict the corresponding ac-
celerations determined by integrating acceleration mea-
surements over the length of the run. Figure 4 is bow ver-
tical acceleration for scaled Sea State 2 tests Cffi/a = 0.16
ft).

Results show that the best over-all comparison is for
run 102 where measured bow accelerations are nearly
identical to the values predicted. It is interesting to note
that for the higher speed cases there is more variation be-
tween measured results for runs of common conditions
than between measured and predicted results. This is
most apparent with the examination of rms bow accelera-
tion response for runs 102 and 103. This is probably be-
cause the run length is insufficient to provide an adequate
statistical sample.

Another significant trend is that of higher accelerations
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at higher speeds. This results because accelerations tend
to increase with the square of response frequency. There-
fore, since wave encounter frequencies increase with in-
creasing speed in head sea operation, accelerations are ex-
pected to increase also. This explanation is true so long as
vehicle rigid body response frequencies are within the
range of significant wave energy. If the speed becomes high
enough, wave energy frequencies could be shifted above
the region of receptiveness of the craft.

The trends indicated by measurements are followed
quite well by the analysis. Where relatively large differ-
ences occur, they are at the higher speeds and indicate a
tendency for over prediction on the part of the mathemat-
ical model.

Model Scale Effects

Laws of Dynamic Similarity

Often the most realistic and practical means of evaluat-
ing the performance of a dynamic system is by means of
model testing where environmental conditions often can
be easily controlled and model motion accurately mea-
sured. To gather by model experimentation an accurate
representation of the dynamic behavior of a full-scale
ACV in response to a seaway, however, normally requires
a model and test facility which can duplicate geometrical-
ly and dynamically similar conditions as those existing at
full scale. Much of the knowledge of ACV dynamic behav-
ior has, in fact, been gained from such experimentation. If
the model behavior under consideration justifiably can be
assumed to be controlled primarily and dynamic similari-
ty have been achieved the model test results can easily be
converted to full scale merely by using the general laws of
dynamic similitude. If the acceleration due to gravity is
considered to be the same for the model and full-scale
craft and if A is the linear scale ratio (lf/lm), the scale
factors for the model can be derived by taking mass M to
vary as X3, length L as X, and time T as X0-5. Thus, for ex-
ample, response frequency which has dimensions of rad/
sec will vary as 1/T or as X~°-5 and pitch damping which
has units of LMT will vary as (X .X 3.X °-5) or X*•5.

Nevertheless, the model designer and test engineer are
faced invariably with a difficult task even to approach
correct dynamic similarity. Model characteristics which
prove to be the most difficult to scale include the pressure
and flow relationship of the air supply system, operating
weight for low cushion pressure tests, and skirt material
stiffness. Likewise, it is not easy to provide for a true rep-
resentation of model test conditions. Seas, for example,
cannot always be considered long crested and propagating
in a direction parallel to the course of an ACV as is the
normal case for a model responding to waves generated by
a wave maker in a linear towing tank. Although there are
many other model and test conditions which are difficult
to represent, in general, they can be considered to be of
second-order significance apart from one consideration,
which will be discussed briefly.

Atmospheric Pressure Effects

Equation (1) described the dynamic equilibrium condi-
tion for heave, pitch, roll, and lift air mass flow. The lin-
ear stiffness matrix C of Eq. (1), given as Eq. (4) is shown
to contain the cushion compressibility term CB in every
nonzero coefficient except that which governs roll, where
CB = (PB + PA)(J/VB), PB = cushion pressure, PA =• at-
mospheric pressure, VB = cushion volume, and y = ratio
of specific heats for air.

The significance of the contribution of this term is per-
haps not fully recognized, however, until consideration is
given to the requirement for obtaining true dynamic simi-
larity during model testing. Since CB is and PB <C PA, it is

BOW
VERTICAL
ACCELERATION
Gs ( R M S ) 0.8

0RUN NO. FROM 6FT MODEL TESTS

4- PREDICTION IN RESPONSE TO TANK
WAVE SPECTRUM

102 '
TM

I03Q

5 10 15 20 25

MODEL SCALE WATER SPEED, FT / SEC

30

Fig. 4 Comparison of measured and predicted bow response
of a 6 ft model ACV. Model heading into scaled Sea State 2.

found that the cushion compressibility term CB which
scales as X ~ 2 can be considerably in error if atmospheric
pressure is not also scaled for model test conditions.

The extent of possible distortions that may arise if atmo-
spheric pressure were not scaled during model tests is ex-
plored in the Appendix. Here the linear characteristic
equation of coupled heave and cushion airflow is devel-
oped in terms of the Laplace Transform Variable S [Eq.
(A23)] for conditions in which heave motion is uncoupled
from the pitch and roll. Solutions of this cubic polynomi-
nal [shown as Eq. (A23)] can then be obtained for model
conditions in which atmospheric pressure is scaled and
unsealed. The results, given in Fig. 5, show the variation
in heave damping and damped natural frequency as-
cribed by the roots of Eq. (A23) solved for as a function of
time average model lift airflow rate.

This figure readily shows that for unsealed atmospheric
pressure the heave damping ratio (which is the cosine of
the angle formed by the negative abscissa and a line inter-
secting the curve from the origin) decreases with in-
creased airflow rate. However, if the atmospheric pressure
is scaled down for model conditions, the damping ratio in-
creases with increased lift airflow rate as shown by the
broken curve of Fig. 5. Also, the level of damping for the
model with unsealed atmospheric pressure is considerably
higher than for the correctly scaled atmospheric pressure
condition. It can be shown theoretically that for a full-
scale craft, the damping increases with increased airflow
rate. Thus, it is seen that if the atmospheric pressure were
scaled from the full-scale craft just as for any other pa-
rameter, the model would then show the same trend (as
far as airflow rate is concerned) as the full-scale craft.

This result is very important as far as ACV dynamic
studies are concerned. The implication is that, tested with
a full head of atmosphere, the fundamental cushion-cou-
pled dynamic characteristics of a scale model are such
that a considerably distorted picture of the heave damp-
ing expected in a full-scale craft is inherent in the model.

SCALED ATMOSPHERE,

132.2 LB/FT2

UNSCALED ATMOSPHERE,
2120 LB/FT2

Qp « 11.3 FT3 /SEC

QF * 22.6 FT3/SEC

Qp « 33.9 FT3/SEC

50

40

30

HEAVE
DAMPED
NATURAL
FREQUENCY,

-20 -10 0
HEAVE DAMPING (A)

Fig. 5 Heave root migration. Heave damping ratio: -</?// =
-A/(A2 + B2)1/2.
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Fig. 6 Rms heave acceleration response of model ACV show-
ing scale effects.

It will now be shown that as a result of nonscaling of at-
mospheric pressure, there is expected to be a significant
distortion in the vertical acceleration response of a sub-
scale model.

Figure 6 shows the predicted vertical acceleration re-
sponse of a model at its bow and e.g. as a function of lift
airflow rate for operation while heading into a scaled Sea
State 2 described by a Pierson-Moskowitz Storm Spec-
trum. From Fig. 6 it is seen that by increasing lift airflow
rate, the vertical acceleration response at the bow and e.g.
decreases for both scaled and unsealed atmospheric pres-
sure conditions, but the effect is much more pronounced
for the scaled atmospheric condition. Also the acceleration
response for the scaled atmospheric pressure condition is
significantly higher at low airflow than that for the un-
sealed pressure condition.

The rapid decrease in acceleration response, with in-
crease in airflow rate, for the scaled atmospheric pressure
condition is primarily explained by the rapid increase in
heave damping as shown in Fig. 5. However, although the
heave damping is actually decreased with increased flow
for the unsealed pressure condition, the acceleration re-
sponse decreases. Acceleration response tends to vary in
proportion to the square of the response frequency. There-
fore, since the damped natural frequency is reduced with
increasing flow rate for the unsealed atmospheric pressure
condition, this effect offsets the reduction in damping and
increased energy absorbed and results in a reduction in
vertical acceleration response.

In summary, the distortion effects due to unsealed at-
mospheric pressure at subscale conditions is shown from
mathematical simulation to produce the following major
results and conclusions.

1) A subscale model can tend to produce heave accel-
erations which are less than those expected in a corre-
sponding full-scale craft. Thus, full-scale predictions of
heave dynamic response based on model tests must be
carefully made while taking into account the expected
distortion.

2) Parameters that significantly improve the dynamic
behavior of a subscale model may not be as effective full
scale. Likewise, methods of passive heave attenuation
(such as increasing total lift air flow QF) that do not ap-
pear fruitful from model test results may prove more ef-
fective for a full-scale craft.

The aforementioned results suggest that ACV models,
for true full-scale representation, should be tested under
conditions where the effects of unsealed atmospheric pres-
sure are compensated or eliminated.

Further specific experimental work along these lines is
suggested as follows. 1) Conduct dynamic model tests in a
wind tunnel where the atmospheric pressure and density
can be controlled. 2) Test a simple piston-cylinder fixed
area leakage representation of heave and cushion airflow

and simulate variations in pressure and density.
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Fig. 7 Variance in model test wave spectra.

3) Run further tests in accordance with suggestion 2, when
some controlled heave-dependent leakage flow is allowed.
4) Test two scale models having a relative scale ratio of at
least 4, to provide experimental evidence of scaling distor-
tion effects.

Simple analytic models of suggestions 2 and 3 are fairly
easy to obtain. In fact for no heave dependent leakage (a0
= 0) and small dz/Mc compared with CBRi, the charac-
teristic polynominal from the Appendix, Eq. (23a), be-
comes

P(s) = S2 - C^S + CBAB
2/MC

and

n= (CB/Mc)i/2AB (16)
with

Also, for the case where the adiabatic stiffness C^A^2 is
large compared to the mass of the model, the cubic term
in P(s) may be neglected and, in fact, the natural fre-
quency or damping no longer depends on CB. For this
case, the heave dependent leakage is retained, and the
characteristic polynominal is

P(s) = S2 - (AB
2 - S - ABG/McJRt

and
(17)

=[AB
2-dgRi]/[2(-ABGMcRi)1'2]

Equations (16) and (17) supply some physical signifi-
cance to the parameters that affect craft dynamics for
some special cases that could be experimentally investi-
gated by the models of suggestions 2 and 3.

Prediction of Full-Scale Acceleration Response

Comparison of Simulated and Experimentally Determined
Full-Scale Response

The problem associated with model scale effects dis-
cussed previously are apparent when comparisons are
made between measured subscale model response and
that predicted for a corresponding full-scale craft. Ideally,
the acceleration response measured on a dynamically sim-
ilar model should be used as a direct measure of the re-
sponse of the full-scale craft. Unfortunately, perfect repre-
sentation of an idealized seaway condition in the model
basin is difficult even without the inherent problem of
achieving true model similitude. For example, a plot of a
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Fig. 8 Comparison of model bow response to that predicted
at full scale for operation into Sea State 2.

scaled-down Pierson-Moskowitz seaway is compared in Fig.
7 with the measured seaway spectra actually achieved in the
towing tank. This figure shows a significant discrepancy
between actual and ideal spectra.§ For these reasons, there-
fore, model test seaway spectra were used basically to verify
the mathematical simulation at model scale, as previously
described.

Figure 8 presents a comparison between predicted full
scale vertical accelerations in response to a Pierson-Mos-
kowitz (PM) spectrum and the vertical acceleration of a 6
ft model in response to an actual towing tank spectrum
having approximately the same scaled significant height.

These figures are presented in order to emphasize the
fact that scaling model test data directly to full scale can
lead to erroneous predictions of full-scale craft dynamic
response. The major causes of error include: 1) nonscaling
of atmospheric pressure as discussed previously, 2) differ-
ences in spectral content of towing tank and full-scale de-
sign spectrum, 3) difficulties in obtaining true models of
a) the air supply system, b) all inertia properties in the
same model, and of c) miscellaneous geometrical and
physical constraints imposed by model testing.

Figure 8 applies to a particular ACV for which scaling
model test data to full scale predicts acceleration response
significantly lower than mathematical model predictions
of full-scale craft response. This would generally be the
case insofar as the result is related to nonscaling atmo-
spheric pressure. The second and third causes of error list-
ed may have the effect of either increasing or decreasing
acceleration response, depending on the actual specific
conditions. The implication is that care must be exercised
to simulate carefully the design wave spectra, if model
test data is to be scaled up for design uses. Also, care and
perhaps considerable expense must be involved to over-
come some of the physical difficulties associated with ob-
taining true scaled experimental models and operating
conditions of AC Vs.

Design Tradeoff Considerations

It is during the preliminary phases of an ACV design
that the analytic techniques described in this paper can
be used to the greatest advantage. If proper consideration
is given to craft dynamic behavior early enough, then even
if compromises are made, they are made with the full
knowledge of the consequences which will arise with re-
gard to ride quality and structural seakeeping loads.

There are not many gross design variables of an ACV
which do not have a bearing upon craft dynamic behavior.
As a result, it is practical to discuss here just a few of the

§It has come to the author's attention that the indicated dis-
crepancy may have been caused by improper spectral analysis of
the actual model data, rather than by the achievement of a true
experimental PM seaway.
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Fig. 9 Static stability dependence upon lift system
characteristics.

most significant. One of the most influential tradeoff con-
siderations and one which is often used to help identify
lift power and lift system air supply characteristics is that
which involves the conflicting requirements for static and
dynamic stability.

In general, it is found that when static heave, pitch,
and roll stability is increased with the objective of in-
creasing craft speed tolerance to e.g. shift, to increase a
crafts' resistance to plow-in and overturn, or to reduce the
probability of hard structure impact in a seaway, a corre-
sponding degradation in ride quality and an increase in
the level of seakeeping loads will occur. Static stability is
measured in terms of the resistance offered by the cushion
system to static changes in heave, pitch, and roll dis-
placement. For pitch and roll this is most effectively
gained in the skirt noncontact regime by compartmenta-
tion of the skirt system (see Fig. 9a) and in the positive
skirt contact regime by providing for a favorable geomet-
ric shift in the center of cushion area as a function of an-
gular displacement. With careful skirt design, extremely
high orders of static stability are possible but not without
an air supply system having a delivery pressure sensitive
to changes in airflow rate (see Fig. 9b). It is this relation-
ship between static stability and the air supply character-
istic which is one of the considerations in the selection of
type and design of air moving device, whether it be an
axial flow, mixed flow, or radial flow impeller system.

To proceed with an explanation of the design tradeoff in
question, it is convenient to reduce the problem to an
evaluation of the relationship between three basic design
variables.

1) The design lift airflow rate which, for a craft of
given weight, air distribution system, and air moving de-
vice will completely dictate lift power requirements.

2) Lift system maximum static pressure rise (occur-
ring at close to zero flow) which, in conjunction with the
design lift airflow rate, will tend to control the character-
istic (pressure) head-flow relationship of the supply sys-
tem and the sensitivity of discharge pressure with respect
to changes in air flow rate.

3) Bow and e.g. vertical acceleration in response to a
prescribed sea state which may be considered to strongly
influence ride quality and structural loading.

Figure 10 presents ,the results of a typical parametric
study. Here the vertical acceleration response for a craft
of given weight and geometry in terms of g's is shown as a
function of delivered airflow rate, cutoff pressure ratio,T

1 The ratio of zero flow pressure to normal design static delivery
pressure as depicted in Fig. 9b.
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Fig. 10 Lift system parameter vari-
ation effect upon bow acceleration
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and forward speed while heading into a particular sea
state. The irregularity of the curves indicate the complex
interaction between the pitch and heave components of
total response as the pitch and heave natural frequencies
shift toward and away from resonance. For the particular
example considered, it is seen that high lift system cutoff
pressure (i.e., high static stability) leads to high levels of
acceleration response, particularly at low levels of airflow
rate.

Increasing lift airflow rate in most cases eventually leads
to an optimum flow rate giving minimum response for a
particular cutoff pressure. The procedure is therefore to:
1) identify a cutoff pressure ratio to give satisfactory stat-
ic stability based upon criteria developed to assess craft's
resistance to overturn or drag sensitivity to e.g. shift; and
2) identify a design speed and, for a given sea state, select
a flow rate to give minimum response. The results then
provide the means to identify lift power requirements and
lift system head flow characteristics. The tradeoff between
static stability and dynamic response cannot be fully ex-
ercised, however, until a criterion is obtained which gov-
erns acceptable levels of acceleration.

Structural Loads

Seakeeping loads

Internal stress loads for the purpose of structural design
are usually computed in the form of longitudinal and
transverse distributions of shear force and bending mo-
ment, and corresponding distributions of torsional mo-
ment. For Eq. (18), the mass of the craft is considered to
be distributed uniformly plus concentrated weights at dis-
crete intervals. Another restricting assumption is that the
mass of the craft is symmetric with respect to the
transverse centerline. (These conditions are closely true in
practical designs.) The longitudinal distributed forces in
the linearized system are of the form

/TOT = mc(z - £0") + £ (Wj/g) l(Xj)(z - Xj9 ) +

(de/L) (z - ie] + KeD(z - £0) 4- (AB)/L)PB

= - (Ket/B) 27?0Ay sin (kyB/2) < r i ( V-V } (18)

/(*,) = 0,

where Wj is the longitudinal discrete weight at longitudi-
nal station and mc, the uniform mass per unit length of
craft.

The applied force per unit length is the second relation
of Eq. (18) and is denoted by /(£) with the first relation of
Eq. (18) being the dynamic reaction denoted by /TOT-
Thus, the distributed loading ratioed to the input wave
amplitude rj 0 is

(19)

The distributed longitudinal shear is given by

(20)

The distributed longitudinal bending moment is given by

MB(x) _ c (21)

The transverse distributed forces per unit beam of the
craft are

- L\m - 0. 5) 0 +

B

I(ys)('z + ystp) - 0 E

V)-2£(m - 0 . 5 ) 0 (z

B

(22)

( 0, y *ys

where Ws is the transverse discrete weights at transverse
station ys and mc, the uniform mass per unit length of
craft.

Analogous to Eq. (19), the transverse load distribution
is

(23)

(24)

(25)

with distributed transverse shear given by

v(y) r
= J P(n)/r]o

- B / 2

and distributed transverse bending moment

. B / 2

by
The longitudinal distributed torsional moment is given

(26a)
-wen

(26b)
where

w, =E wt
s = 1
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Wj is the transverse summing of discrete weight at longi-
tudinal station xjy and Wsj is the transverse station (s) of
weight at longitudinal station Xj

Denoting Eq. (26b) by n(£)/7?o per unit wave amplitude
770 and the dynamic reaction [Eq. (26a)] by KTOT/TJO, the
distributed torsional moment is given by

The torsional moment as a function of longitudinal
coordinate (x) is given by

T(x)
(28)

The boundary conditions for all internal loads are stat-
ed for longitudinal distributions as:

V( ~ = 0 (29)
and

FOUAjp = MB (Wr?0 = r(4)/T?0 = ° (3°)
and for lateral distributions as:

V( ~ B/2) _ MB(-B/2) n

and
V(B/2) MB(B/2)

= 0

(31)

(32)

Boundary conditions (29) and (31) are automatically sa-
tisfed in the various load equations derived from Eqs. (20,
21, 24, 25, and 28). The longitudinal shear boundary condi-
tion V(lb)/r)o = 0 is satisfied inherently by the first of Eqs.
(1) with wave forcing functions Eq. (10) constituting the
right-hand side of Eq. (1). This is the heave force balance
equation. The torsional moment boundary equation
T(lb)/7jo = 0 is satisfied inherently by the third of Eqs. (1)
with wave forcing functions Eq. (10) constituting the
right-hand side of Eq. (1). This is the roll moment bal-
ance equation. The transverse shear boundary condition
V(B/2)r)Q = 0 is satisfied only for the restricted case
KVD/L = K0D/B. The longitudinal bending moment
boundary condition M(lb)/rjQ = 0 is satisfied because the
summation of moments about any point of a system in
dynamic equilibrium is zero. The same is true of the
transverse bending moment for the restricted case men-
tioned in connection with the transverse shear.

Additional relationships needed to insure compatibility
between the loads equations and the equations of dynamic
equilibrium are

Mc = mcL

i = 1 s = 1 S

(33)

where n is the total number of discrete weights in longitu-
dinal distribution and m, the total number of discrete
weights in transverse distribution.

The loads equations are transformed to the encounter
frequency domain, and loads transfer functions are deter-
mined in terms of heave, pitch, roll, cushion mass, and
cushion pressure transfer functions. Loads (RAO's) are
then determined from the square of the amplitudes of the
loads transfer functions. For a given wave spectrum, sea
state (in terms of significant wave heights #1/3), and craft
forward velocity, the mean square internal load distribu-
tions are then calculated utilizing a computer program.
Static internal loads are also calculated and the absolute
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Fig. 11 Longitudinal structural load distributions.

value of static load and a factor times the rms dynamic
load can be summed. Examples of longitudinal bending
moment for a typical craft are shown in Fig. 11. The fac-
tor Kff used for these distributions was 3. This was consid-
ered the limit load condition for design purposes. Slam-
ming load distributions, which now will be discussed, and
also other load conditions are shown for comparison pur-
poses in Fig. 11.

Slamming loads

As an air cushion vehicle proceeds in the on-cushion
mode in a seaway, the hard structure which forms the bow
is normally well clear of the water. However, because of
the irregular surface of the sea and the pitch, heave, roll
motions of the craft, it is inevitable that the bow will oc-
casionally come into contact with the water. The loads
and their probability of occurrence generated by these
events are a critical factor in the structural design of the
craft. The linear seakeeping model provides basic and
necessary information in the consideration of slamming
effects of calculating the frequency of occurrence of water
contact at or above a critical relative velocity, as well as
average relative motion (to the water surface) at hard
structure points of interest.

The joint probability PSJO that hard structure point i
will be immersed below the normal water surface hct and
have a downward relative slam velocity of vst is

PSJO = V4 [erfc hci/(2)i'2ai][eTfcv8i/(2«)i
i'*] (34)

Equation (34) is based on the analysis of the probabilistic
characteristics of slamming as described in Ref. 1.

The frequency of occurrence of slams on a given bow
location ha at or above a given threshold relative slam-
ming velocity vst was given in Refs. 2 and 3, as

FSB{ = (0/2, exp- 1/2 { l/ai2[hci
2 + (t^/co,)2]} (35)

A general procedure can be adopted to calculate a bow
impact load acting on a craft assuming that the motion of
the craft, prior to the bow impacting on the wave surface,
is defined by the craft dynamic response simulation, and
to superimpose on this motion, the motion which is due to
the load on the bow. This assumption infers that the con-
tact of the bow with the water surface is a relatively rare
event, compared with the effective frequency of relative
motion.
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The reaction of a craft to a bow impact load can be as-
sumed to be totally that due to inertia, since no signifi-
cant damping forces are expected to develop during the
relatively short time interval of an impact. A step-by-step
method of calculation can then be used in which the ge-
ometry and relative position of the craft to the wave is
calculated at small time intervals and the accelerations
and velocities integrated to give the velocities and dis-
placements, respectively, for all six rigid body motion de-
grees of freedom.

The details of slamming loads analysis techniques are
beyond the scope of this paper but the resulting long-term
probability of bending moment due to slamming for a
typical ACV is included as an example in Fig. 11. For a
detailed discussion of the computational procedure and
theory for calculating slamming forces and their induced
shear force and bending moment.4"6

VII. Conclusions

The significant conclusions that can be made regarding
the use of mathematical and subscale experimental mod-
els for predicting the dynamic behavior of full-scale ACV's
are as follows.

1) Design of full-scale craft can usually employ both
subscale experimental models and linearized mathemati-
cal models jointly in the representation of vertical plane
dynamics.

2) Reliance on scaled-up model test data (obtained
under normal atmospheric pressure conditions) alone can
lead to erroneous conclusions regarding ride comfort, dy-
namic response, and loads of full-scale craft primarily be-
cause of the usual nonscalability of atmospheric pressure.

3) The analysis technique presented shows an accept-
able correlation with actual model dynamic behavior to
insure its usefulness as a design tool.

4) The early utilization of this dynamic analysis tech-
nique allows important ACV design parameters to be
evaluated in terms of effects on stability, structural de-
sign, and ride comfort.

Recommended further experimental and analytical
studies are as follows.

1) Conduct dynamic model tests in a wind tunnel
where the atmospheric pressure can be controlled. Re-
sponse to periodic or random surfaces could possibly be
mechanized by means of a traveling belt.

2) Experimentally investigate simple piston-cylinder-
fixed area leakage and subsequent controlled heave-de-
pendent leakage models at normal atmospheric pressure
and compare them with simplified analytical models.

3) Test two scale models having a relative scale ratio
of at least 4 to provide experimental evidence of the scal-
ing distortion effects.

4) Study, analytically, the effect of differences be-
tween long-crested and short-crested seas.

Appendix

Nonlinear Heave, Pitch, Roll, and Cushion Equations of
Motion

Consider the ACV shown schematically in Fig. 1. The
balance of heave forces and moment on the craft assume a
rectangular cushion area of length L and beam B giving
area AB = EL. The following equations for sinusoidal
wave excitation are then derived from Newton's laws:

where

Heave

+ pBAB + dzZ + KBDL[Z -(m- 0. 5)L0] =
e1^ (Al)

Pitch

-ABL(m-0.5)pB

= (1 — m)L

3 +KeB = (KeD/B)

Roll
1$ + d9j> + K^=- (JK9D/L) ri^e^e*

Evaluating the preceding integrals gives

(A2)

(A3)

—- sin-£-(*-**), kx,ky*0

ky

B

- - ,

BL =AB , kx = ky =
(A4)

where

:2 sin(fevL/2) smkx(St - &J/2

-- 2 sin (kxL/2) cos kx(^ - £s}/2

(2/kxky] sin(kyB/2}\

coskxds} -

i(£bcoskx£b +S.scoskJLs) -
(l/fer)($ + f^f)] ; fex ^ 0, fey = 0

(l/fey)sin(feyJ5/2) (V -£s
2);

fer = 0, &, * 0
B(m -0.5)L2 ; ^T = ky = 0

(A5)
5 bJB

Li(— cos-

— s;
ky

0

0

And cushion equations:

Mass of Air in Cushion

MB =

Air Density
PB = MB/VB

Cushion Volume
VB = V0 -ABZ + (m - 0. 5)ABL0 -

Fan Flow Rate
QF = Fi + F2pB + Ftf>B

Fixed Area Leakage

QLO = CDOALO(2\pB |/pfl)1/2

; kx * 0, ky = 0

; kx = ky = o
(A6)

(A8)

(A10)

(All)

where sgn p# is the sign of cushion nominal gage pressure
pB plus if greater than atmospheric, minus if less than at-
mospheric.
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Heave Dependent Leakage

QLS = {CDSC[ -Z - 0. 5)L0] -

x(2\pB\/PB)ln sgnpB}
In the dynamic dependent leakage equation (A12) the

inherent assumption is that the craft tends to follow the
wave contour to the extent that the net hover gap is al-
ways greater than zero. This is, of course, a very limiting
assumption, since in practical situations the leakage gap
is intermittently closed off (at least partially) as waves
pass under the craft. Experience with models has shown
that the dynamic dependent leakage area is not simply
described in terms of the changes in hover gap, but upon
the complex relative deformations of the individual cells
allowing air to escape between them. The problem of ac-
curately simulating, mathematically, the complex dynam-
ic dependent leakage mechanism is currently being ad-
dressed by the authors.

Adiabatic Cushion Compression

(ps + PA) - const pB
v (A13)

The quantities K6D/B and K#D/L are distributed effec-
tive air cushion stabilizing springs associated with a pe-
ripheral cell skirt design. KeD is the longitudinally distrib-
uted spring for pitch stabilization and K<pD is the
transversely distributed spring for roll stabilization. These
parameters were determined from model test data. The
damping coefficient de was also determined from test
data, and represented as a longitudinally distributed
damper.

Because of the distributed damper analogy, it is neces-
sary to consider this damper to be effective in heave and
roll as well as the measured value in pitch in order that
the forces and moments due to the distributed damper be
compatible in the heave, pitch, and roll equations. This is
of fundamental importance in considering external load
distributions for the purpose of generating internal (shear
and bending moment) loads.

The compatible values of distributed heave damping dz
and transversely distributed roll damping d^ were ob-
tained from de as

de = (3dg/L2) 1/1 -3m + 3m21

dv = dzB2/l2 )
(A14)

In order to insure loads compatibility between longitudi-
nal and transverse distributions for the distributed spring
forces it was necessary to insure that

K9D/B=K9D/L. (A15)

Actual model tests have indicated that (A15) is approxi-
mately true.

Linearized and Reduced Equations of Motion

Equations (A1-A13) were linearized by a linear pertur-
bation technique, where the perturbation variables were
expressed as

Z =Z

e = e
cp (A16)

MB = MB + mB

PB = Ps + PB

where z, 0, <p, mB and PB _are_linear perturbations about
the nominal values Z, 0, $, MB, and PB of heave, pitch,
roll cushion air mass, and cushion pressure, respectively.

Employing Eq. (A16) in Eqs. (A1-A13), and making use
of the integrals (A14-A16), we obtain the reduced linear-
ized equations

(A] >+(€]• — n 0i<J*t

The matrices [A], [J5], and [C] and the forcing function
vector

are given in the main body of this paper as relations (2-4,
10). In addition we obtain the pressure perturbation equa-
tion in terms of the other variables as
PB = (CB/pA)mB + CBABz -

CBAB(m - 0. 5)L0 + CB7loIi^et (A18)

The following important constants appearing in Eq.
(A17) are defined as follows:
Adiabatic Stiffness

CB = (pB + PA\y/VB

(PA = atmospheric pressure)
Fan Conductance

jfy = F2 + 2FzpB - QF/2p

= FC~ QF/2pB

Fan (d QF/dpB) Characteristic Slope

Fc = F2 + 2FspB

Heave Dependent Leakage Parameter

G = CDSC(2pB/pA)

Assumptions made in linearization are

which implies PB % pA . Hence

(A19)

"*

(A20)

PB PA ~PBPAL PAy\
where PB = PB + ApB. Now pB /pAy < 1 so that

PB PA PBPA PB

andApB/pA ~ 0.

Characteristic Equation of Uncoupled Linear Heave-Cushion
Flow System in Laplace Transform Variable(s)

For the condition m — 0.5, which implies that the e.g.
of the craft is longitudinally at the center of the cushion,
the linear equations in heave and pitch become uncou-
pled, so that we may consider only the simultaneous solu-
tion of the heave and cushion flow equation.

M C 0

0 0

dz 0

0 1
K9DL + CBAB

2CBAB/pA

mB
z

mB
(A21)
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Letting rj(t) = jj^e^e1 and obtaining the Laplace trans-
form of Eq. (A21) with zero initial conditions, we obtain
the heave transfer function

(A22)
where
<2q = 1

ai = - CB(V-
M

The cubic polynominal equation

P(s) - a3s3 + a2s2 + aiS + a0 = 0 (A23)

is the characteristic equation of the system and Eq. (A22)
is the heave transfer function z(s)/r].
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Systems Identification:
Application to Underwater Vehicle Dynamics

B. E. Sandman* and J. G. Kellyt
Naval Underwater Systems Center, Newport, R.I.

A deterministic method of systems identification is presented in a generalized form applicable to
numerous lumped-parameter mathematical models. The minimization of a measured error between
experimental and calculated time records results in the optimum or best-fit model parameters and
constitutes the basic identification process. The iterative search method suggested for optimization
does not necessitate a good initial parameter estimate. The procedure is exemplified by an applica-
tion to the governing equations of motion for an underwater vehicle. The hydrodynamic coefficients
form the set of parameters for optimization. Coefficient retrieval using a theoretically generated
record and the prediction of coefficient values from experimental records is investigated. The prob-
lem of numerical sensitivity is sighted. Although coefficients are determined for excellent agreement
in the trajectories, a refined approach is suggested to reduce the number of parameters and improve
the efficiency of search.

Nomenclature

x, y, z = body axes of vehicle
%, Zg = distances from CB to CG
de(t) = elevator input
U = magnitude of translational velocity
a = angle of attack
w = transverse component of velocity
B = angle of pitch
m, W = mass and weight of vehicle, respectively
I - length of vehicle
B = buoyant force
p = mass density of fluid medium
Iy = moment of inertia about y-axis
Z', M' = hydrodynamic coefficients with respect to forces and

moments
Z0 = depth of vehicle at CB
x = state vector
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xc = computed solution to motion equations
xe = experimental record of state
x0 = initial-value vector
t_ = independent time variable

77 = (10 X 1) vector of hydrodynamic coefficients
€ = objective error function
{ } = denotes a column vector
[_ ] = denotes a row vector
77° = vector of initial estimates
77 * = denotes the value of 77 for a minimal e
0 = (4 X 10) null matrix

Introduction

THE analytical prediction of the dynamic response of
an underwater vehicle is a function of a set of parameters
commonly referred to as hydrodynamic coefficients. For a
given body configuration, reasonable numerical estimation
of these parameters is required for any accurate simula-
tion of vehicle performance. Water tunnel tests, theoreti-
cal predictions, and trial-and-error adjustments of the
coefficients of motion to obtain an observed numerical
simulation of experimental records constitute the existing


